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Abstract
In this paper, we consider generalized vector pre-variational inequality problems as well as vector
pre-quasivariational inequality problems in abstract space setting. We establish several existence re-
sults for these two classes of problems by employing the Ky Fan lemma and a scalarization technique,
respectively.
 2004 Elsevier Inc. All rights reserved.
1. Introduction
Since it has been introduced by F. Giannessi [12] in 1980, the theory of vector varia-
tional inequalities has known many applications in vector optimization problems and traffic
equilibrium problems; see [13]. In fact, some recent works in vector optimization have
shown that optimality conditions of some multi-objective optimization problems can be
characterized by vector variational inequalities; see [8,10,21]. Several existence results for
vector variational inequalities have been established under various conditions; see, for in-
stance, [2,6,7,15].
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ities which arise from the optimality conditions of some vector optimization problems
where the feasible set is so-called η-connected; see [16,22]. Different approaches have
been used in order to study vector pre-variational inequalities in both scalar and vector
framework; see, for instance, [9,19,23]. Let X and Y be two Hausdorff topological vector
spaces, (Z,P ) be an ordered topological vector space with order associated to a closed
convex cone P such that int(P ) = ∅ and P = Z. Let L(X,Z) be the space of all lin-
ear continuous operators from X into Z, and K ⊂ X, C ⊂ Y be nonempty subsets. Let
η :X ×X → X be a function and S :K → 2K , V :K → 2Y and H :K ×C → 2L(X,Z) be
multi-valued mappings.
In this paper, we consider the following generalized vector pre-variational inequality
problem, in short (GVPVI):
find x¯ ∈K, z¯ ∈ V (x¯) and ξ¯ ∈H(x¯, z¯)
such that
〈
ξ¯ , η(y, x¯)
〉
/∈ − int(P ) for all y ∈ K,
and we consider the following generalized vector pre-quasivariational inequality problem,
in short (GVPQVI):
find x¯ ∈ S(x¯), z¯ ∈ V (x¯) and ξ¯ ∈H(x¯, z¯)
such that
〈
ξ¯ , η(y, x¯)
〉
/∈ − int(P ) for all y ∈ S(x¯).
We shall establish several existence results for solutions of these two problems by employ-
ing the famous Ky Fan lemma [11] and a scalarization technique, respectively.
2. Preliminaries
In this section, we give some definitions and preliminary results that we will need in the
sequel. For X a topological vector space, we shall denote by 2X the family of all nonempty
subsets of X. For a subset A of X, we shall denote by co(A) the convex hull of A, by
int(A) the interior of A and by A¯ the closure of A in X, respectively.
Definition 2.1. Let X be a vector space, (Z,P ) be an ordered topological vector space with
order associated to a closed convex cone P such that int(P ) = ∅ and P = Z and h :X → Z
be a vector-valued function.
(i) h is said to be P -convex, if for each u,v ∈X and each t ∈ [0,1], one has
th(u) + (1 − t)h(v) − h(tu+ (1 − t)v) ∈ int(P ) ∪ 0;
(ii) h is said to be P -concave, if the function −h is P -convex.
Remark 1. If in the previous definition one considers Z = R and P = [0,+∞), then we
obtain the classical definitions of convexity and concavity of a real function.
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space with order defined by P a closed convex cone in Z such that int(P ) = ∅ and P = Z.
A function η :X×X → X is said to be L(X,Z)-diagonally convex if for each ξ ∈ L(X,Z)
and finite subset {y1, . . . , yn} ⊂ X and any x =∑ni=1 λiyi , where λi  0 and ∑ni=1 λi = 1,
one has
n∑
i=1
λi
〈
ξ, η(yi, x)
〉
/∈ − int(P ).
Remark 2. Note that if η is linear with respect its first argument and satisfies η(x, x) = 0
for all x ∈ X, then η is L(X,Z)-diagonally convex. In particular if η is defined by
η(x, y)= x − y , then it is L(X,Z)-diagonally convex.
Definition 2.3 [20]. Let X be a topological vector space. A vector valued function f :X →
Z is said to be P -lower semicontinuous on X if it satisfies one of the following three
equivalent conditions:
(i) for each x ∈ X and any d ∈ int(P ), there exists an open neighborhood U of x such
that f (y) ∈ f (x)− d + int(P ) for all x ∈U ;
(ii) for all a ∈Z, f−1(a + int(P )) is open;
(iii) for each x0 ∈ X and any open neighborhood V of f (x0), there exists an open neigh-
borhood U of x0 such that f (x) ∈ V + P for all x ∈ U .
It is also said to be P -upper semicontinuous on X if −f is P -lower semicontinuous.
When Z =R and P =R+, P -lower semicontinuity is the same as ordinary lower semi-
continuity.
Proposition 2.4 [5]. Let X be a Hausdorff topological vector space, and let f :X → Z be
a vector-valued function. Then f is P -upper semicontinuous on X if and only if for each
x ∈ X, for every d ∈ int(P ) and any net {xα}α∈I ⊂ X converging to x , there exists α0 in
the index set I such that{
f (xβ): β  α
}⊂ f (x)+ d − int(P ) for all α  α0.
Proof. For α ∈ I , let Aα = {f (xβ): β  α}. Suppose f is P -upper semicontinuous. Then
there exists an open neighborhood U of x such that f (y) ∈ f (x) + v/2 − int(P ) for all
y ∈U . Hence there is α0 in the index set I such that
σ  α0 ⇒ xα ∈ U and f (xα) ∈ f (x)+ 12v − int(P ).
This implies that Aα ⊂ f (x)+ v/2 − int(P ) and A¯α ⊂ f (x)+ v/2 −P whenever α  α0.
Since v/2 − P = v − v/2 − P ⊂ v − int(P ), we have
A¯α ⊂ f (x)+ v − int(P ) for all α  α0.
Conversely, assume that f is not P -upper semicontinuous on X. Then there is z0 ∈ Z such
that f−1(z0 − int(P )) is not open in X. Hence there is x0 ∈ f−1(z0 − int(P )) such that
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for some v0 ∈ int(P ). Hence, there exists a net {xα}α∈I in X such that xα → x and every
f (xα) does not lie in z0 − int(P ) = f (x0)+v0 − int(P ). Since the complement of f (x0)+
v0 − int(P ) is closed, for every α ∈ I ,
A¯α ∩
(
f (x0) + v0 − int(P )
)= ∅,
which is a contradiction and the proof is complete. 
We shall also need the following lemmas.
Lemma 2.5 [17]. Let X, Y and Z be real topological vector spaces, K and C be nonempty
subsets of X and Y , respectively. Let F :K ×C → 2Z , S :K → 2Y be multi-valued maps.
If both F and S are upper semicontinuous with compact values, then the multi-valued map
T :K → 2Z defined by
T (x) =
⋃
y∈S(x)
F (x, y)= f (x,S(x))
is upper semicontinuous with compact values.
Lemma 2.6 [3, Lemma 1]. Let M be a convex, compact set, let K be a convex set. Let
p :M ×K →R be concave and upper semicontinuous in the first argument, and convex in
the second argument. Assume that
max
ξ∈M p(ξ, y) 0 for all y ∈K.
Then there exists ξ¯ ∈ M such that p(ξ¯ , y) 0 for all y ∈ K .
We end this section by a brief description of a scalarization procedure due to Oettli [18].
Let Z∗ be the topological dual of Z, P ∗ ⊂ Z∗ the polar cone of P , i.e.,
P ∗ = {z∗ ∈Z∗: 〈z∗, z〉 0 ∀z ∈ P}.
Since int(P ) = ∅ and P = Z, P ∗ has a weak∗ compact base, i.e., there exists B ⊂ P ∗,
B is convex weak∗ compact with 0 /∈ B and P ∗ =⋃t0 tB; see [14]. Consider the scalar
function ψ :Z →R defined for z ∈ Z by
ψ(z) := max
λ∈B 〈λ, z〉.
Then the function ψ is sublinear, hence convex, and lower semicontinuous. For all z ∈ Z,
there holds (see, e.g., [14])
z ∈ (− int(P ))c ⇔ ψ(z) 0. (1)
Proposition 2.7. Let X and Z be two Hausdorff topological vector space and f :X → Z
be a vector-valued function. If f is P -upper semicontinuous on X, then the real-valued
function g :X →R defined by g(x) = ψ(f (x)) is upper semicontinuous.
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w ∈ int(P ) and for any net {xα}α∈I in X converging to x , there exists α0 ∈ I such that{
g(xβ): β  α
}⊂ g(x)+w − int(P ) for all α  α0.
Let us consider a net {wj }j∈J ⊂ int(P ) such that wj → 0. Then from the P -upper semi-
continuity of f , one deduces that for each j ∈ J , there exists α0(j) ∈ J such that
f (xβ) − f (x)−wj ∈ − int(P ) for all β  α0(j).
Hence, ψ(f (xβ) − f (x)−wj) < 0 for all β  α0(j). It follows that
max
λ∈B
〈
λ,f (xβ)
〉
max
λ∈B
〈
λ,f (x)
〉+ max
λ∈B 〈λ,wj 〉 for all β  α0(j).
Consequently,
g(xβ) g(x)+ max
λ∈B 〈λ,wj 〉 for all β  α0(j),
from which it follows lim supβ g(xβ) g(x) since wj → 0. Therefore g is upper semicon-
tinuous. 
Proposition 2.8. Let X be a Hausdorff topological vector space and h :X → Z be a vector-
valued function. If h is P -convex (respectively, P -concave), then the real-valued function
g :X →R defined for x ∈ X by g(x) = ψ(h(x)) is convex (respectively, concave).
Proof. Let x, y ∈ X and t ∈ [0,1]. Suppose h is P -convex. Then
th(x) + (1 − t)h(y)− h(tx + (1 − t)y) ∈ int(P ) ∪ {0}.
It follows, by taking account of relation (1), that
max
λ∈B
〈
λ,h
(
tx + (1 − t)y)− th(x)− (1 − t)h(y)〉 0
and hence
max
λ∈B
〈
λ,h
(
tx + (1 − t)y)〉max
λ∈B
〈
λ,h(x)
〉+ (1 − t)max
λ∈B
〈
λ,h(y)
〉
.
Therefore
g
(
tx + (1 − t)y) th(x) + (1 − t)h(y)
and thus g is convex. The case that h is P -concave can be treated similarly and hence the
details will be omitted. 
Throughout the rest of this paper, we shall suppose that X and Y are two Hausdorff
topological vector spaces and Z an ordered topological vector space with order defined
by P , a closed convex cone in Z such that int(P ) = ∅ and P = Z. We shall also suppose
that L(X,Z), the space of all linear continuous mappings from X into Z, is endowed with
a topology so that the duality paring 〈·, ·〉 between L(X,Z) and X is continuous, which is
the case, for example, when L(X,Z) is endowed with its strong topology.
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We shall first prove the following lemma.
Lemma 3.1. Let K and C be, respectively, two subsets of X and Y . Let η :X × X → X
be a function and V :K → 2Y and H :K × C → 2L(X,Y ) be two upper semicontinuous
mappings with compact convex values. Suppose that
(i) for each y ∈ K fixed, x → η(y, x) is continuous on the convex hull of each finite
subset of K;
(ii) for each x ∈ K , there exist z ∈ V (x) and ξ ∈H(x, z) such that 〈ξ, η(x, x)〉 = 0;
(iii) the function η is L(X,Z)-diagonally convex.
Then for each finite subset E of K , there exists x¯ ∈ co(E) such that for each y ∈ co(E),
there exists z¯ ∈ V (x¯), ξ¯ ∈ H(x¯, z¯) with 〈ξ¯ , η(y, x¯)〉 /∈ − int(P ).
Proof. Let E be a finite subset of K and let us consider for each y ∈ co(E) the following
set:
F(y) = {x ∈ co(E): ∃z ∈ V (x), ξ ∈H(x, z) such that 〈ξ, η(y, x)〉 /∈ − int(P )}.
From assumption (ii), one has F(y) = ∅ since y ∈ F(y). The set F(y) is also closed. In-
deed, let {xα} ⊂ F(y) such that xα → x . Hence, there exists zα ∈ V (xα), ξα ∈ H(xα, zα)
such that 〈ξα, η(y, xα)〉 /∈ − int(P ). Since V is upper semicontinuous with compact
values, V (co(E)) is compact. Therefore without loss of generality one deduces that
zα → z ∈ V (x). On the other hand since H is upper semicontinuous with compact val-
ues, H(co(E),V (co(E))) is compact. It follows without loss of generality that ξα →
ξ ∈ H(x, z). Now, let {y1, . . . , yn} ⊂ co(E) and let us verify that co({y1, . . . , yn}) ⊂⋃n
i=1 F(yi). Let x ∈ co({y1, . . . , yn}), x =
∑n
i=1 λiyi with λi  0 and
∑n
i=1 λi = 1.
From assumption (iii) one has ∑ni=1 λi〈ξ, η(yi , x)〉 /∈ − int(P ). Therefore there exists
i ∈ {1, . . . , n} such that〈
ξ, η(yi, x)
〉
/∈ − int(P ).
Hence x ∈ F(yi) ⊂⋃nj=1 F(yj ). Consequently, from the Ky Fan lemma [11], we conclude
that
⋂
y∈co(E) F (y) = ∅ and the result follows. 
Theorem 3.2. Let K and C be, respectively, two subsets of X and Y . Let η :X × X → X
be a function and V :K → 2Y and H :K × C → 2L(X,Y ) be two upper semicontinuous
mappings with compact convex values. Suppose that
(i) for y ∈K fixed, x → η(y, x) is continuous on K;
(ii) for each x ∈ K , there exists z ∈ V (x) and ξ ∈H(x, z) such that 〈ξ, η(x, x)〉 = 0;
(iii) the function η is L(X,Z)-diagonally convex;
(iv) there exists a nonempty compact subset N of K , and there is a nonempty compact
convex subset W of K such that if x ∈ K \ N and z ∈ V (x), then there exists y ∈ W
such that 〈ξ, η(y, x)〉 ∈ − int(P ) for all ξ ∈ H(x, z).
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fying 〈ξ¯ , η(y, x¯)〉 /∈ − int(P ).
Proof. As a first step, let us suppose that K is compact and let  be the family of all finite
subsets of K . For each E ∈ , consider the following set:
ME =
{
x ∈K: ∀y ∈ co(E), ∃z ∈ V (x) and ξ ∈H(x, z)
such that
〈
ξ, η(y, x)
〉
/∈ − int(P )}.
From Lemma 3.1, one has ME = ∅ for each E ∈ . We shall prove that ⋂E∈ M¯E = ∅.
For this, it suffices to show that the family {M¯E}E∈ has the finite intersection property. Let
E,F ∈  and set G = E∪F ∈ . Then MG ⊂ ME ∩MF and it follows that M¯E ∩M¯F = ∅.
Since K is compact, it follows that
⋂
E∈ M¯E = ∅. Hence the family {M¯E}E∈ has the
finite intersection property. Let x¯ ∈⋂E∈ M¯E and for y ∈ K fixed, consider F = {y, x¯}.
Since x¯ ∈ M¯F , there exists {xα} ⊂ M¯F such that xα ∈ K , xα → x¯ and for each t ∈ [0,1],
there exist zα(t) ∈ V (xα) and ξα(t) ∈H(xα, zα(t)) such that〈
ξα(t), η
(
ty + (1 − t)x¯, xα
)〉
/∈ − int(P ). (2)
Let us set for t = 1, zα := zα(1) and ξα := ξα(1). Since {zα} ⊂ V (K) which is a compact
set, zα → z ∈ V (x¯). Similarly, ξα → ξ ∈ H(x¯, z). By considering t = 1 in expression (2)
and by passing to the limit, we obtain 〈ξ, η(y, x¯)〉 /∈ − int(P ).
Now, we consider the general case. Let x1, . . . , xn ∈ K and set U = co(W ∪
{x1, . . . , xn}) which is a compact set, see [1, Lemma 4.12, p. 126]. By the first step, one de-
duces that there exists x˜ ∈ U such that for each y ∈U there exist z˜ ∈ V (x˜) and ξ˜ ∈H(ξ˜, z˜)
satisfying 〈ξ˜ , η(y, x˜)〉 /∈ − int(P ). From the coercivity assumption (iv) and the fact that
W ⊂ U , we deduce that x˜ ∈N . For each y ∈K , let us set
A(y) = {x ∈N : ∃z ∈ V (x) and ξ ∈ H(x, z) such that 〈ξ, η(y, x¯)〉 /∈ − int(P )}.
For each y ∈ K , the set A(y) is nonempty by the above argument and it is easy to see that
the family {A(y)}y∈K has the finite intersection property. Therefore, since N is compact,⋂
y∈K A(y) = ∅ from which the result follows. 
As a consequence of the previous theorem, we obtain the following existence result for
(GVPVI).
Theorem 3.3. Let K and C be, respectively, two subsets of X and Y . Let η :X × X → X
be a function and V :K → 2Y and H :K × C → 2L(X,Y ) be two upper semicontinuous
mappings with compact convex values. Suppose that assumptions (i), (ii) and (iv) of Theo-
rem 3.2 are satisfied and suppose that
(iii)′ for each x ∈ K , z ∈ V (x) and ξ ∈ H(x, z) fixed, the function y → 〈ξ, η(y, x)〉 is
P -convex.
Then there exist x¯ ∈ K such that for each y ∈ K , there exist z¯ ∈ V (x¯) and ξ¯ ∈ H(x¯, z¯)
satisfying 〈ξ¯ , η(y, x¯)〉 /∈ − int(P ). Furthermore, if H(x¯,V (x¯)) is convex then there exists
z˜ ∈ V (x¯) and ξ˜ ∈ H(x¯, z˜) such that 〈ξ˜ , η(y, x¯)〉 /∈ − int(P ) for all y ∈ K .
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rem 3.2. Therefore,
∃x¯ ∈ K such that ∀y ∈ K, ∃z¯ ∈ V (x¯), ∃ξ¯ ∈H(x¯, z¯)
satisfying
〈
ξ¯ , η(y, x¯)
〉
/∈ − int(P ). (3)
From (1), we can rewrite (3) as follows:
∃x¯ ∈ K such that ∀y ∈ K, ∃z¯ ∈ V (x¯), ∃ξ¯ ∈H(x¯, z¯)
satisfying ψ
(〈
ξ¯ , η(y, x¯)
〉)
 0,
which is equivalent to
∃x¯ ∈ K such that max
ξ∈T (x¯)
ψ
(〈
ξ, η(y, x¯)
〉)
 0 ∀y ∈ K,
where T :K → 2L(X,Z) is a multi-valued mapping defined by T (x) = H(x,V (x)) =⋃
z∈V (x) H(x, z) which is upper semicontinuous with compact values by Lemma 2.5.
Now, let us set for ξ ∈ T (x¯) and y ∈ K , p(ξ, y) = ψ(〈ξ, η(y, x¯)〉). Then from Proposi-
tions 2.4 and 2.7, one deduces that p(·, y) is upper semicontinuous and p(ξ, ·) is convex.
Since T (x¯) is compact and convex, from Lemma 2.6, there exists ξ˜ ∈ T (x¯) such that
p(ξ˜ , y)  0 for all y ∈ K . Therefore, there exist z˜ ∈ V (x¯) and ξ˜ ∈ H(x¯, z˜) such that
ψ(〈ξ˜ , η(y, x¯)〉)  0 for all y ∈ K or 〈ξ˜ , η(y, x¯)〉 /∈ − int(P ) for all y ∈ K . The proof is
now complete. 
4. Existence result for the generalized vector pre-quasivariational inequality
Let if K ⊂ X, C ⊂ Y be nonempty subsets. Let η :X × X → X be a function and
S :K → 2K , V :K → 2Y and H :K × C → 2L(X,Y ) be multi-valued mappings. In this
section we shall be interested in studying the existence of solutions of the following gen-
eralized vector pre-quasivariational inequality problem, in short (GVPQVI):
find x¯ ∈ S(x¯), z¯ ∈ V (x¯) and ξ¯ ∈H(x¯, z¯)
such that
〈
ξ˜ , η(y, x¯)
〉
/∈ − int(P ) for all y ∈ S(x¯).
First let us recall the following concepts.
Definition 4.1. A Hausdorff space is paracompact if every open cover of the space has an
open locally finite cover, i.e., if X =⋃i∈I Vi with {Vi}i∈I a family of open subsets of X,
then there exists {Wα}α∈J a family of open sets of X such that for all α ∈ J , there exists
i ∈ I with Wα ⊂ Vi , X =⋃α∈J Wα and ∀x ∈ X, there exists a neighborhood U of x such
that U meets at most finitely many Wα .
Definition 4.2. A family {βi}i∈I of continuous functions defined from X into [0,∞) is
called a partition of unity associated to an open cover {Vi}i∈I of X, if
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(ii) the family {Supp(βi)}i∈I is locally finite;
(iii) ∑i∈I βi(x) = 1 for each x ∈ X.
Theorem 4.3 [1, p. 68]. A Hausdorff space X is paracompact if and only if every open
cover of X has a continuous locally finite partition of unity.
Remark 3. Every compact Hausdorff space is paracompact and every metrizable space is
paracompact; see [1, p .68].
We shall use the following result which is a slight generalization of a particular form of
Theorem 10 in [4]. The proof can be deduced similarly and hence will be omitted.
Theorem 4.4. Let X be a Hausdorff topological vector space, K a closed convex subset
of X and g :K ×K →R a real bifunction satisfying g(x, x) = 0 for each x ∈K . Suppose
that
(i) for each finite subset E of K one has
min
x∈co(E)maxy∈E g(x, y) 0;
(ii) for each y ∈ K , the function x ∈K → g(x, y) is upper semicontinuous;
(iii) there exists a nonempty compact subset N of K , and there is a nonempty compact
convex subset W of K such that for each x ∈ K \ N there exists y ∈ W , satisfying
g(x, y) < 0.
Then there exists x¯ ∈ K such that g(x¯, y) 0 for all y ∈K .
Remark 4. If the bifunction g in Theorem 4.4 is convex with respect to its second argu-
ment, then condition (i) is satisfied.
Now we can state the main result of this section.
Theorem 4.5. Let K and C be, respectively, two subsets of X and Y such that K ×C is a
paracompact set in X×Y . Let η :X×X →X be a function and S :K → 2K , V :K → 2C
and H :K ×C → 2L(X,Y ) be upper semicontinuous multi-valued mappings with compact
convex values. Suppose that
(i) for each y ∈ K fixed, x → η(y, x) is continuous;
(ii) for each x ∈ K , z ∈ V (x) and ξ ∈ H(x, z) fixed, the function y → 〈ξ, η(y, x)〉 is
P -convex;
(iii) the set U = {(x, z) ∈ K × C: ∃ξ ∈ H(x, z) satisfying 〈ξ, η(y, x)〉 /∈ − int(P ) ∀y ∈
S(x)} is closed in K ×C;
(iv) there exist a nonempty compact subset N1 of K and a nonempty compact convex
subset N2 of C, and there is a nonempty compact convex subset W1 of K such that if
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w ∈ W such that 〈ξ, η(w,x)〉 ∈ − int(P ) for all ξ ∈H(x, z).
Then, the problem (GVPQVI) has at least one solution.
Proof. Consider the following multi-valued mapping M :K → 2K×C defined by M(x) =
S(x) × V (x), which is upper semicontinuous as the product of two upper semicontinuous
multi-valued mapping. The problem (GVPQVI) then can be transformed to the following
problem:
find (x¯, z¯) ∈K ×C
such that (x¯, z¯) ∈ M(x¯) and (x¯, z¯) ∈ U.
Now, by contradiction suppose that problem (GVPQVI) has no solution. Then, for each
(x, z) ∈ K ×C one has either (x, z) /∈ M(x) or (x, z) /∈U . For p ∈ (X × Y )∗ set
V (p) =
{
(x, z) ∈K ×C: 〈p, (x, z)〉− sup
(w,t)∈M(x)
〈
p, (w, t)
〉
> 0
}
.
From the fact that M is upper semicontinuous with compact values, it follows that V (p) is
an open subset in K ×C. On the other hand, form the Hahn–Banach theorem, we deduce
that
K ×C ⊂ Uc ∪
( ⋃
p∈(X×Y )∗
V (p)
)
.
Since K × C is paracompact, we can associate to the open cover {Uc,V (p)}p∈(X×Y )∗ of
K × C a partition of unity {γ0, βp}p∈(X×Y )∗ from Theorem 4.3. Set K˜ = K × C, which
is a closed convex subset of X × Y , and consider the following real-valued function ε :
K˜ × K˜ →R defined by
ϕ
(
(x, z), (w, t)
)= γ0(x, z) sup
ξ∈H(x,z)
ψ
(〈
ξ, η(w,x)
〉)
+
∑
p∈(X×Y )∗
βp(x, z)
〈
p, (w, t) − (x, z)〉.
For simplification, let us set g((x, z), (w, t)) = supξ∈H(x,z) ψ(〈ξ, η(w,x)〉). Let (x0, y0)
∈ K˜ . Then there exist a neighborhood V ((x0, y0)) of (x0, y0) in K˜ and p1, . . . , pn ∈
(X × Y )∗ such that for all (x, z) ∈ V ((x0, y0)),
ϕ
(
(x, z), (w, t)
)= γ0(x, z)g((x, z), (w, t))+
n∑
i=1
βpi (x, z)
〈
pi, (w, t) − (x, z)
〉
for all (w, t) ∈ K˜.
Note that the function (ξ, (x, z)) → 〈ξ, η(w,x)〉 is continuous for each w ∈ K fixed,
therefore it is C-upper semicontinuous. It follows from Proposition 2.7 that the function
(ξ, (x, z)) → ψ(〈ξ, η(w,x)〉) is upper semicontinuous. Consequently, since H is upper
semicontinuous with compact values, the function g(·, (w, t)) is upper semicontinuous.
402 O. Chadli et al. / J. Math. Anal. Appl. 295 (2004) 392–403On the other hand, since the function w → 〈ξ, η(w,x)〉 is C-convex, from Proposi-
tion 2.8, one deduces that the function (w, t) → ψ(〈ξ, η(w,x)〉) is convex. Hence, the
function (w, t) → g((x, z), (w, t)) is convex for each fixed (x, z) ∈ K˜ . Now, let us set
N = N1 ×N2 and W = W1 × N2. Then N is a compact subset of K˜ and W is a compact
convex subset of K˜ .
Let (x, z) ∈ N . From assumption (iv), there exists w0 ∈ W1 such that 〈ξ, η(w0, x)〉 ∈
− int(P ) for all ξ ∈ H(x, z), hence ψ(〈ξ, η(w0, x)〉) < 0 for all ξ ∈ H(x, z). Therefore,
supξ∈H(x,z) ψ(〈ξ, η(w0, x)〉) < 0 since H(x, z) is a compact set and the function ξ →
ψ(〈ξ, η(w0, x)〉) is upper semicontinuous. Let r1, . . . , rm ∈ (X × Y )∗ be such that
ϕ
(
(x, z), (w, t)
)= γ0(x, z)g((x, z), (w, t))+
n∑
i=1
βri (x, z)
〈
ri, (w, t) − (x, z)
〉
for all (w, t) ∈ K˜.
Since {γ0, βp}p∈(X×Y )∗ is a partition of unity, γ0(x, z) > 0 or βri (x, z) > 0 for at least one
index i ∈ {1, . . . ,m}. Consequently, ϕ((x, z), (w0, t0)) < 0 for a fixed t0 ∈ N2 if γ0(x, z)
> 0. On the other hand, if βri (x, z) > 0 for some i , then from (iv) and the definition of the
set V (ri), there is (w, t) ∈ N such that ϕ((x, z), (w, t)) < 0. Therefore, from Theorem 4.4,
we deduce that
there exists (x¯, z¯) ∈ K˜ such that ϕ((x¯, z¯), (w, t)) 0 for all (w, t) ∈ K˜. (4)
Let q1, . . . , qk ∈ (X × Y )∗ be such that
ϕ
(
(x¯, z¯), (w, t)
)= γ0(x¯, z¯)g((x¯, z¯), (w, t))+
n∑
i=1
βqi (x¯, z¯)
〈
qi, (w, t) − (x¯, z¯)
〉
for all (w, t) ∈ K˜.
If γ0(x¯, z¯) > 0, then (x¯, z¯) ∈ Uc. It follows that there exists z¯ ∈ S(x¯) such that
〈ξ, η(w, x¯)〉 ∈ − int(P ) for all ξ ∈ H(x¯, z¯). Therefore ψ(〈ξ, η(w, x¯)〉) < 0 for all ξ ∈
H(x¯, z¯) and hence ϕ((x¯, z¯), (w, t)) < 0 which contradicts (4).
If βqi (x¯, z¯) > 0 for some i , then (x¯, z¯) ∈ V (qi). Therefore, 〈qi, (x¯, z¯)〉 > 〈qi(w, t)〉 for
all (w, t) ∈ M(x¯) = S(x¯) × V (x¯) which also contradicts (4). Consequently, the problem
(GVPQVI) must have at least one solution and the result follows. 
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